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Let σk(n) denote the sum of the k-th powers of the positive divisors
of n. Erdo˝s and Kac conjectured that the sum
αk =
∞∑
n=1
σk(n)
n!
is irrational for k 1. This is known to be true for k = 1, 2 and 3.
Fix r 1. In this article we give a precise criterion for 1,α1, . . . ,αr
to be Q-linearly independent, assuming a standard conjecture of
Schinzel on the prime values taken by a family of polynomials. We
have veriﬁed our criterion for r = 50.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
For k 1 let σk(n) denote the sum of the k-th powers of the positive divisors of n. In 1953 Erdo˝s
and Kac [3], [5, Problem 14] conjectured that the sum
αk =
∞∑
n=1
σk(n)
n! (1)
is irrational. This was proved by J.B. Kelly [2] and R. Breusch [3] respectively for k = 1 and 2. The
irrationality for k = 3 was established independently by Schlage-Puchta [8] and by Friedlander, Luca
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746 A. Deajim, S. Siksek / Journal of Number Theory 131 (2011) 745–749and Stoiciu [4]. In the same papers [8,4] the irrationality of αk is proved for k  4 assuming the
following standard (though very diﬃcult) conjecture.
Conjecture 1 (Schinzel’s Hypothesis). (See [7].) Let f1, . . . , ft ∈ Z[x] be non-constant irreducible polynomials
with positive leading coeﬃcients. Let f = f1 f2 · · · ft and suppose that the set of values f (Z+) has no common
divisor> 1. Then, there exist inﬁnitely many positive integers n such that f1(n), f2(n), . . . , ft(n) are all prime.
Fix r  1. It is natural to ask if the constants 1,α1,α2, . . . ,αr are Q-linearly independent, which
clearly is a stronger statement than the irrationality of the αk for k = 1, . . . , r. In this note we give a
precise criterion for this to be true, assuming the truth of the above conjecture of Schinzel. Our crite-
rion is easy to verify computationally for reasonable values of r. In particular, we prove the following.
Theorem 2. Assume the above conjecture of Schinzel. Then 1,α1, . . . ,α50 are Q-linearly independent.
2. Some preliminary lemmas
We shall need the following easy lemma.
Lemma 3. Assume the above conjecture of Schinzel. Fix t  1. There are inﬁnitely many positive integers m
such that m+i−1i is a prime for 1 i  t.
Proof. Let f i(x) = t!i (x−1)+1, for 1 i  t . Note that f i(1) = 1. Hence f1, . . . , ft satisfy the hypothe-
ses of the conjecture. Assuming the conjecture, there are inﬁnitely many positive integers n such that
t!
i (n − 1) + 1 is prime for 1 i  t . The proof is complete on letting m = t!(n − 1) + 1. 
Lemma 4. Let i be a positive integer and deﬁne
V (x) = x(x+ 1) · · · (x+ i − 1).
Let P ∈ Z[x]. Then there is a polynomial Q ∈ Z[x] and integers b0, . . . ,bi−1 such that
P (x)
V (x)
= Q (x) + b0
x
+ b1
x(x+ 1) + · · · +
bi−1
x(x+ 1) · · · (x+ i − 1) .
Proof. As V is monic of degree i, we can write P (x) = Q (x)V (x) + R(x) where R has degree  i − 1
and Q , R ∈ Z[x]. The lemma follows as the polynomials
1, (x+ i − 1), (x+ i − 1)(x+ i − 2), . . . , (x+ i − 1)(x+ i − 2) · · · (x+ 1)
are a Z-basis for integer-coeﬃcient polynomials of degree at most i − 1. 
We shall need the following standard estimates for σr(n).
Lemma 5.
(i) For all  > 0, σ1(n) = O (n1+).
(ii) For all k 2, σk(n) < π
2
6 n
k.
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σk(n) = nk
∑
d|n
1
dk
< nk
∞∑
d=1
1
d2
= π
2
6
nk. 
Lemma 6. Fix r  1 and  > 0. There is a constant C > 0, depending on r and  , such that
∞∑
i=2r+1
σk(m + i − 1)
m(m + 1) · · · (m + i − 1)  Cm
k−2r−1+,
for m 2 and k = 1, . . . , r.
Proof. By Lemma 5, there is a constant C1, depending on  , such that
σk(n) C1nk+,
for k = 1, . . . , r. Thus
∞∑
i=2r+1
σk(m + i − 1)
m(m + 1) · · · (m + i − 1)  C1
∞∑
i=2r+1
(m + i − 1)k+
m(m + 1) · · · (m + i − 1)
 C1
∞∑
i=2r+1
(m + i − 1)k+
mi
 C1
∞∑
i=2r+1
mk+(i − 1)k+
mi
,
where we have used the trivial inequality m + (i − 1)m(i − 1). Thus
∞∑
i=2r+1
σk(m + i − 1)
m(m + 1) · · · (m + i − 1)  C1
mk+
m2r+1
∞∑
j=0
(2r + j)k+
mj
 C1mk−2r−1+
∞∑
j=0
(2r + j)k+
2 j
.
The lemma follows as the last sum is convergent. 
3. Criterion for theQ-linear independence of αk
Fix r  1. Suppose that a0,a1, . . . ,ar are integers such that
a0 + a1α1 + · · · + arαr = 0. (2)
We would like to show that a0, . . . ,ar = 0.
Suppose m is one of the inﬁnitely many positive integers satisfying the conclusion of Lemma 3
with t = 2r. Thus m + i − 1 = i · pi where pi is prime for 1 i  2r. Taking m suﬃciently large, we
must have pi  i, and so
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= σk(i)
(
pki + 1
)
= σk(i)
ik
(
(m + i − 1)k + ik)
= Fi,k(m)
ik
, (3)
where Fi,k is a polynomial with integer coeﬃcients.
Suitably rearranging (2) and multiplying by (m − 1)! yields
(m − 1)!
(
a0 +
r∑
k=1
ak
m−1∑
n=1
σk(n)
n!
)
= −
r∑
k=1
ak
∞∑
n=m
σk(n)
m(m + 1) · · ·n
= −
r∑
k=1
ak
2r∑
i=1
σk(m + i − 1)
m(m + 1) · · · (m + i − 1)
+ O 
(
1/mr+1−
)
, (4)
where for the last estimate we used Lemma 6. For i = 1, . . . ,2r and k = 1, . . . , r, using (3), we can
write
σk(m + i − 1) = Pi,k(m)Mr ,
where Pi,k is a polynomial with integer coeﬃcients, and
Mr = lcm(1,2, . . . ,2r)r .
Thus, by Lemma 4, for k = 1, . . . , r, we can write
Mr
2r∑
i=1
σk(m + i − 1)
m(m + 1) · · · (m + i − 1)
= Qk(m) + b0,km +
b1,k
m(m + 1) + · · · +
b2r−1,k
m(m + 1) · · · (m + 2r − 1) ,
for Qk ∈ Z[x] and integers b0,k,b1,k, . . . ,b2r−1,k . From (4), we obtain
Mr · (m − 1)!
(
a0 +
r∑
k=1
ak
m−1∑
n=1
σk(n)
n!
)
+
r∑
k=1
akQk(m)
= − L0
m
− L1
m(m + 1) − · · · −
Lr−1
m(m + 1) · · · (m + r − 1) + O 
(
m−r−1+
)
,
where L0, . . . , Lr−1 are linear forms in a1, . . . ,ar with integer coeﬃcients. The left-hand side is clearly
an integer, and the right-hand side tends to 0 as m tends to ∞. Thus for large enough m, both sides
are zero, and so L j(a1, . . . ,ar) = 0 for j = 0, . . . , r − 1. We are now ready to state our criterion.
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1,α1, . . . ,αr are Q-linearly independent.
Remark. The referee asks the excellent question of whether we really need inﬁnitely many m for
which (m + i − 1)/i are prime with 1 i  2r, or whether it is enough that there exists some large
but quantiﬁable m such that this is true. If the latter was true then it would provide a testable
condition that would eliminate the need for Schinzel’s Hypothesis. Unfortunately, it really seems that
we need inﬁnitely many m; indeed the argument above shows that if m is suﬃciently large compared
to the values L j(a1, . . . ,ar) then these values all vanish. However, since we have no control over the
values a1, . . . ,ar , we have no control over how large the L j(a1, . . . ,ar) are.
4. Proof of Theorem 2
Using the computer package MAGMA [1] we computed the linear forms with r = 50 and checked
their linear independence. Our MAGMA program took about 1.5 minutes to run on a standard desktop
computer. The referee has requested that we give the linear forms L0, . . . , Lr−1 for the ﬁrst few values
of r. Let Mr be the r × r-matrix whose rows are respectively the coeﬃcients of L0, . . . , Lr−1. Then
M1 = (5), M2 =
(
360 484
624 106
)
, M3 =
⎛
⎝ 540000 726000 1377375936000 1603500 3124853
1242000 2668140 7199559
⎞
⎠ ,
M4 =
⎛
⎜⎜⎝
1244678400000 1673400960000 3174794280000 8239251854176
2157442560000 3696003360000 7202661170880 16211889715056
2862760320000 6149955974400 16594695512640 48558253289232
4082545152000 11664572774400 39088336250880 143685709514801
⎞
⎟⎟⎠ .
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